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Abstract 
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1. Introduction 

Tietze and Nakajima have been the first to obtain local characterizations of the convexity of subsets of 
a finite-dimensional Euclidean space [15, 16, 9]. Their results have been extended to infinite dimensions as 
well as to various generalizations of the notion of convexity; see [17, 18, 11] and the references therein. In 
the present paper, we present a novel local characterization of one such generalization in a Hilbert space 
setting in which the role of line segments in classical convexity is assumed by lenses [3] , as detailed below. 

Here and throughout, X denotes a real Hilbert space of dimension at least two endowed with inner 
product (-I-) and norm || • ||, and i?(c, r) is the closed ball of radius r centered at c € X, where we adopt the 
convention B{c, 0) = {c}. 

Definition. Let r > 0. A set C X is called r-convex if 

n B{c,r)cn (1) 

for all x, y G 17, and Q is called strongly convex if Q is s-convcx for some s > 0. The intersection in (1) is 
taken over all balls containing x and y and is considered equal to X if no such ball exists. 

Early results of Mayer imply the following analogues of the above-mentioned results of Tietze and Naka- 
jima [8]; see Section 4. 

Theorem 1.1. Let r > and CI ^ X be closed and connected. Then the set is r-convex if and only if 
it is locally r-convex, by which we mean that for each point x Cz Q there exists a neighborhood U C A" of x 
such that U nfl is r-convex. 

Theorem 1.2. Let r > and n C. X be open and connected. Then the set fl is r-convex if and only if 
it is spherically supported with radius r at each of its boundary points locally, by which we mean that for 
each boundary point x € dfl there exists a neighborhood U Q X of x and some v G X, \\v\\ = I, such that 
Unil'Z B{x - rv,r). 
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The following related result has recently been established by Balashov and Repovs [2]: A closed, convex 
and bounded subset of the Hilbert space X is r-convex, r > 0, if and only if there exists some e > such 
that condition (1) holds for all points x,y G^l whose distance does not exceed e. Moreover, the property of 
strong convexity of a set CI has also been characterized in terms of its modulus of convexity [12], 

6n{s)=sup{S>0\x,yen,\\x-y\\=e=^B{{x + y)/2,S)cn}, < e < oo. (2) 

Specifically, if f2 C X is a non-empty, closed and convex set for which the limit 

lim<5o(e)/e^ (3) 

exists and is positive, then CI is r-convex, r > 0, if and only if the limit is not less than l/(8r) [2]. These 
results allow us to test the strong convexity of a set by verification of conditions on points x and y that are 
sufficiently close. Still, the former characterization is not purely local since the value of e is required to be 
independent of the location of the points x and y in fi. (Here, we call a characterization local if it takes 
the following form: For all x £ CI there exists a neighborhood U of x such that U D CI satisfies a certain 
condition). Analogously, the limit (3) is required to be kind of uniform which, in view of Theorem 1.1, seems 
to be unnecessarily restrictive. Indeed, the existence of the limit (3) is open even for strongly convex sets CI. 

In the present paper, we extend the results of Balashov and Repovs in that we establish a local charac- 
terization of the property of strong convexity in terms of a suitable generalization of the modulus (2). We 
also show that the limit (3) exists whenever CI is closed and convex. 

Strongly convex sets appear several times in applications; see [10, 7, 1] and the references therein. Our 
research has been particularly motivated by the fact that local characterizations of strong convexity are 
indispensable to strengthen recent results in control theory which concern geometric properties of image 
sets of time-l-maps of ordinary differential equations [13, 14]. 

2. Main results 

The statement of our results will involve the following generalization of the modulus (2). 
Definition. Let CI C X and x,y E CI. The formula 

S°nje) ■.= snp{5>0\yen, vex, \\v\\ = 1, H^: - y|l = e, {v\x - y) = =^ {x + y)/2 + S ■ v e Ct} 
defines a map ^ on the nonnegative real numbers, where we have adopted the convention sup0 = — oo. 

The following are the main results of this paper. 
Theorem 2.1. The limit (3) exists m MU {oo} for every closed and convex subset Cl C X. 

Theorem 2.2. Let r > and Cl C X be closed and connected. Then the following conditions are equivalent: 

(i) Cl is r-convex. 

(ii) lim,^o,e>o'5o > l/(8r). 

(Hi) Cl isconvexandlim.mfi;^o,.yoS^^{e)/e^>l/{8r)forallx ECl. 

Given the existence of the limit in (ii) , the latter condition is the characterization of Balashov and Repovs 
[2]. We remark that the assumption of convexity of Cl in condition (iii), which is purely local, cannot be 
omitted, as the example of two closed balls intersecting at exactly one point shows. 

In the proofs of Theorems 2.1 and 2.2 given in Section 5 we will make use of auxiliary results to be 
established in Sections 3, 4 and 5. In particular, simple proofs of Theorems 1.1 and 1.2 of Mayer in Hilbert 
space are given in Section 4, and the following characterizations from Section 5 may be of independent 
interest. 

Proposition 2.3. Let r > and Cl (Z X be closed and connected. Then Cl is r-convex if and only if the 
following holds. 
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(A) There exists a sequence (ei)iGN of positive real numbers converging to such that for x,y ^ the 
boundary of the set on the left hand side of (1) is contained in Q, whenever \\x — y\\ ~ Si for some i G N. 

We note that assuming property (A) it is not obvious that the set is convex. Even if one strengthens 
(A) by requiring the whole lense to be contained in J7, instead of merely its boundary, convexity of is not 
evident. Proposition 2.3 will turn out to be essential for the proofs of Theorems 2.1 and 2.2. 

Proposition 2.3 remains true in the limit r — > cxj by which we mean the following result. 

Proposition 2.4. Let CI C_ X be closed and connected. Then Q is convex if and only if the following holds. 

(C) There exists a sequence (ei)igN of positive real numbers converging to such that convja;, y} C n 
whenever x,y € ft and \\x — y\\ = £i for some i G N. 

3. Preliminaries 

Throughout the paper, R denotes the field of real numbers, and N, the set of natural numbers, N = 
{1,2,...}. As usual, [cr, r], (u, r), (ct, r] and [cr, r) denote the closed, open and halfopen, respectively, 
intervals in R with endpoints a and r. The open ball of radius r > and center c G X is denoted B{c,r). 
The closure, the interior, the boundary and the convex hull of a set 17 C X are denoted by clO, intfi, dil, 
and convfJ, respectively. In particular, conv{.T,y} is the line segment {tx + (1 — t)y \ t £ [0, 1]}. 

We will frequently use that ^s"(or)(^) ~ f ~ \Jt'^ ~ for any e G [0,2r] and r > [4, Ch. 3, §3]. 
From this we also conclude that lim£_j.o,e>o %(o r)(s)/^^ — 1/(8^) and %(or)(s)/^^ > 1/(8'^) for aU ?- > 
and e G (0, 2r]. 

The definition of strong convexity which we have adopted in Section 1 has the appeal of being concise 
and completely analogous to the case of ordinary convexity. However, it is often more convenient to work 
with short arcs [8] and related concepts, which are introduced below. 

Definition. Let S be the intersection of a sphere dB{c, r) of radius r > and a 2-dimensional affine 
subspace of X containing c. If x, j/ G S* and x ^ y, then S \ {x, y} consists of two connected components 
A' and A" . If one component is not longer than the other, say A' not longer than A", then c\A' is called 
a short arc of radius r joining x and y. The set {a;} for x £ X is also called a short arc of radius r. For 
x,y € X and r > we define the midpoint z of a short arc A of radius r joining x and y as follows: z A 
is the unique element given by {x — y\z — (x + 2/)/2) = 0. 

Definition. Let 17 C X and r > 0. A pair (x, j/) G 17 x 17 possesses the arc property for 17 and (radius) r if 
for every short arc A of radius r joining x and y, it holds that A C 17. The set 17 possesses the arc property 
for (radius) r if every pair (x, y) G 17 x 17 possesses the arc property for 17 and r. 

We remark that the arc property for radius r does not impose any restriction on pairs of points x, y G 17 
whose distance exceeds 2r. Interestingly, if such points exist, then necessarily 17 = X: 

Proposition 3.1. Let r > and 17 C X . Then 17 is r-convex if and only if it is connected and possesses 
the arc property for radius r. 

Under the additional assumption that 17 be closed, this result could be obtained from Theorem 1.1 of 
Mayer, or alternatively, from a combination of the theorem of Tictze-Nakajima [17, Th. 4.4] and two results 
of Balashov and Repovs [1, Th. 2.1], [2, Lemma 3.2]. We will give a direct and elementary proof below 
which does not rely on the closeness of 17. Proposition 3.1 will then be used in Section 4 to establish Mayer's 
theorems in Hilbert space. 

The following term will be used below: Two points x and y of a subset 17 C X are polygonally connected 
if there exist pi, . . . ,Pn-i S 17, n G N, such that lJ"=o^ couv{pi,pi+i} C 17, where po = x and p„ = y. 

Proof of Proposition 3.1 (Sketch). Without loss of generality, we assume r ~ \. The necessity of the condi- 
tion is easily established, so we prove only its sufficiency. Furthermore, if x,y E 17 such that ||a; — y|| < 2 
then it is straightforward to show that (1) holds. In the remainder of the proof we will make frequently 
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use of the latter without mentioning it expHcitly. Suppose now that there exist x,y € such that 
— y\\ > 2. We claim that in this case ft = X. Indeed, as is locally convex [8, H 1], it is polygo- 
nally connected [17, Th. 4.3]. Hence, without loss of generality, there exists z G such that A C 17 where 
A = conv{x, z} U conv{y, z}. Consequently, there exist a and c in the relative interior of the line segment 
conv{x, z} and conv{?/, z}, respectively, such that \\a — c\\ = 2. By the arc property, there exists a' S f2 such 
that a S conv{a',c} C f2 and \\a' — c\\ > 2. Without loss of generality, we assume that X is the Euclidean 
plane and p+i := a' = (1 + 7, 0), p-i := c = ( — (1 + 7), 0) for some 7 <E (0, 1/2). We consider the points 

P±«= (±(1 + 7 7'EL2^-"'), (4) 

Using pn,p-n, {pn + P-n)/'^ £ Vl as induction hypothesis and using (4), it is straightforward to show that 
conv{p„,p_„} C for all n G N. So conv{pn,p_„,p„+i, j<_(„+i)} C $1 which implies {0} x M C fi, hence 
= by suitable modifications of our choice of p±i. □ 

Definition. Let SI C X and x e dO.. A vector v £ X is normal to Q. at x if {v\y — x) <Q for all j/ G O. If, 
additionally, = 1 then v is a unit normal to at x. 

So every unit normal defines both a supporting half-space and a supporting hyperplanc of at a; and 
vice versa. For these well-known concepts see e.g. [17]. The proof of the following result from [8] carries 
over to the Hilbert space setting. 

Lemma 3.2. Let r > and letfl X be closed and convex. Let x € dfl and y be such that \\x — y\\ < 2r. 
If the pair (x, y) possesses the arc property for ft and r, then y € B{x — rvx, r) for all unit normals Vx to fl 
at X. 

Most of the next characterizations of strong convexity have been already observed in [5, Prop. 3.1] for 
the finite-dimensional case X = K". 

Proposition 3.3. Let r > and fl ^ X be closed. Then the following conditions are equivalent: 

(i) fl is r- convex. 

(ii) n is convex and fl C B{x — rv^, r) for all x G dfl and all unit normals to fl at x. 
(Hi) ft = HcGM ^('^i ^) /"'^ some M C X . 

(iv) The inequality 

5nie)>r-^r^~ey4 

is fulfilled for every e. 

Proof. Without loss of generality, let fl be non-empty and il ^ X. Implication (i) (ii) follows easily from 
Proposition 3.1 and Lemma 3.2. For the proof of implication (ii) =^ (iii), let J7' = C\B{x — rvx,r) where 
the intersection is over all x G dfl and all unit normals Vx to fl at x. By hypothesis C ft', li y G ft' \ft, 
then by [6, 3.1.2, Th. 2 and Cor. 2], there exists a supporting half-space H~ of ft given by a unit normal 
Vz to ft at some z £ dft such that y ^ H~ . Since B{z — rvz,r) C H~, it follows that y G H~ which is 
a contradiction. Implication (iii) ^ (iv) directly follows from the properties of the modulus Sq given at 
the beginning of this Section, so (iv) (i) is left to prove. To economize notation, we denote by ■A-(^x,y) ^ 
short arc of radius r joining two elements x and y. Let x,y £ ft. By hypothesis z G ft whenever z is the 
midpoint of a short arc A := A(^x,y) of radius r. Without loss of generality, we reduce our arguments to the 
2-dimensional Euclidean plane containing convA and assume x + y ~ 0. Let z be the midpoint of A. Given 
any point a G A we now construct a sequence (pm'ZrOneN on A such that lim„^oop„ = lim„_j.oo <?« = a- 
We define qi := z and pi G {x,y} such that a G A(^p^^q^y Applying the same argument as before to pi and 
qi in place of x and y we determine q2 £ ft as the midpoint of the short arc A(pi,gi) ^ A. Inductively, we 
determine qn+i as the midpoint of A(p„,5„) ^ A, and Pn+i G {Pn,<ln} such that a G A(p„^i,g„_^i)- Then 
||Pn — a|P < ||Pn— Pn+i|P< || x — ^/2" , SO thc scquencc couvergcs to a. As is closed, we conclude A C SI 
and hence, Proposition 3.1 implies (i). □ 
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4. The Theorems of Mayer in Hilbert space 



We give simple proofs of Theorems 1.1 and 1.2 in Hilbert space and we provide an auxiliary corollary to 
Theorem 1.2 in this section. The latter as well as Theorem 1.1 will be applied in Section 5. 

Proof of Theorem 1.1. It is clear that r-convcxity implies local r-convexity. For the converse, first observe 
that is convex by the analogous theorem of Tietze and Nakajima [17, Th. 4.4] as it is locally convex. We 
will show below that Q, possesses the arc property for radius r. Assume there exists a short arc A <Z X oi 
radius r joining x,y G such that A il. Let x + y = without loss of generality, and let v e dB{Q, 1) 
such that {v\x — y) = and such that some scalar multiple of v meets A. We define S = r)(\\^ ^ uW) 
and 

z = argmax{||w|| | w e n w • [0, S]}. 

If both (x, z) and (j/, z) possessed the arc property for and r, then z ^ A, since ^ C 51 otherwise. However, 
||z|| < b implies that there exist w £ {A(x — y) | A S M} and /i > ||2:|| such that w + /iu, —w + iiv G ft, which 
together with the convexity of contradicts the choice of z. Therefore, one of the pairs {x, z) and (y, z) 
does not possess the arc property for 57 and r. Hence, we may construct a sequence qn)n<£N G 57 x 51 for 
which lim„_j.ooPn = liin„_>.oo = a G 57 (as in the proof of Proposition 3.3) and (pmQn) does not possess 
the arc property for any n E N. This contradicts the local r-convexity of 57. □ 

Proof of Theorem 1.2. First we note that 57 is convex by the theorem of Tietze [17, Th. 4.10]. It is enough 
to prove that every pair of points a;, y € 57 possesses the arc property for cl57 and radius r. Indeed, if the 
latter is true then clfi is r-convex, hence so is 57 as 57 = int(cl57). Let x, y G 57, a; ^ y, and let ^ be a short 
arc of radius r joining x and y. Let z be the midpoint of A. Consider the set 

T^{te [0,l\\At C cl57} 

where '■= convja::, y}. and if t > 0, then At is the short arc joining x and y such that tz + {\ — t)-{x+y) /2 G 
At. As 57 is open we conclude that [0,to] C T for some > 0- Let t € [to, 1) n T and assume that there 
exists w € At such that w G dfl. Then there exists a neighborhood U of w such that i7ncl57 C B{w — rv, r) 
where w is a unit normal to 57 at w. This is a contradiction to At C cl57 since the radius of At exceeds r. 
Hence, At C 57, so T is open as At is compact. Since T is closed by closeness of cift the claim follows since 
A = AiCcl57. □ 

We remark that Theorem 1.2 proves that conditions (i) to (iv) of Proposition 3.3 arc equivalent to: 
(ii'J 57 is convex and 51 C B{x — rv^, r) for all x G and some unit normal Vx to at x. 

Theorem 1.2 particularly applies if 57 is the closure of an open, connected subset of X. Therefore we 
have the following consequence. 

Corollary 4.1. Let r > and 57 C A" &e closed and convex. Assume that for every x G 957 there exists a 
neighborhood U of x such that for all y G U HQ the pair {x,y) possesses the arc property for U HQ and r. 
Then is r-convex. 

Proof. Without loss of generality, 57 is neither empty nor a singleton. Then by hypothesis, int57 7^ 0, 
that is, 57 = cl(int57). Suppose that 57 is not r-convex. Then 57 ^ AT and there exists x G 957 such that 
U nil ^ B{x — rv,r) for any unit normal v to U dX x and any neighborhood [/ of x as in the hypothesis. 
Since 57 is convex there exists a unit normal w to [/ n 57 at x, so there exists some y G C/ n 57 such that 
y ^ B{x — rw, r). By the contrapositive of Lemma 3.2, the pair (x, y) does not possess the arc property for 
?7 n 57 and r. which is a contradiction. □ 
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5. Proof of the main results 

In this Section, we shall prove the main results presented in Section 2. Some auxiliary results are also 
proved. To begin with, we first establish Proposition 2.4. 

Proof of Proposition 2.4- The necessity of the condition is obvious. The proof of its sufficiency is divided into 
several steps. We first prove that if a pair of points x,y € ^ is polygonally connected then convjx, y} C O 
(Claim 1 up to Claim 3 below). For this purpose it is enough to assume that there exists z (z Q satisfying 
conv{a;, z} U coiw{y, z} C fj. Without loss of generality, let x, y, z be not collinear, and z ^ 0. Denote 
A = conv{0, X, 2/}. We consider the set 

T ^{te [0, 1] I coiw{tx,ty} C n}, 

and reduce the remaining arguments to the 2-dimensional plane that contains A. 
Claim 1: There exists to e (0, 1] such that [0,to] C T. 

Since \\t{x — y)\\ is monotonically increasing in t, it follows by property (C) that there exists ti E T such 
that, without loss of generality, ei = ||ii(a; — y)|j and £i < ||a;||/2. We choose io € (0,ii] such that \\toy\\ < ei. 
Let p G conv{0, ^02;, ioj/}- Obviously, there exists tp < to such that p € C0TYv{tpX,tpy}. Consider the family 
of line segments 

£(t) = {(1 - X)p + A[(l - T)tpx + rx] I A e R} n A, r e [0, 1]. 

The line segment i{0) = conv{ipa;, tpy} has length less than or equal to ei. Next, let yp be the unique point of 
i'(l)nconv{0, y}. Then£(l) = conv{a;, yp} has length ||x—yp|| which is not less than |ja;|j — ||j/p|| > 2ei— ei = ei 
a-s \\yp\\ < Ppyll- Since the length of the line segments £(r) varies continuously as r varies continuously, 
it follows that there exists a line segment of length ei with end points on conv{0,.T} U conv{0,y}. Hence, 
pG^. 

Claim 2: If < G T \ {1} then conv{te, ty} \ {tx, ty} C int O. 

Let p = tx, q = ty and without loss of generality t > to, \\p — q\\ = 1. Using Claim 1 it follows that there 
exists J G N such that ej < 2/3 and for pi = p + ^{q — p) it holds conv{p,pi} \ {p} C int fi. Consider the 
points Pn ~ P + n ■ Y{q — p) for n G N U {0} such that p„ G A. In particular, G A. If p„-2 G int O, ?i > 3, 
and if [/ C is a neighborhood of p„-2 then ||j)„ — Pn-2|| = £j and therefore 

UndB{p,„ej) c n. 

So conv{[/ n dB{pn, ej),pn} C f2, thus inductively conv{p,p„_i} \ {p} C int il. By interchanging the role of 
p and q the claim follows. 
Claim 3: r = [0,1]. 

It is enough to prove that T is both closed and open in [0,1]. Let t G T. By Claim 1 we choose a 
neighborhood Up C X p — tx such that UpOAC il. Interchanging the role of tx and ty and Claim 2 yield 
an open covering of convjta;, ty} relative to the subspace topology on A so the compactness of convjta;, ty} 
easily implies that T is open. T is closed as f2 is closed. 
Claim 4: O is convex. 

Let p E n. Without loss of generality, there exists one more point q E such that Si < \\p — q\\. Since ft 
is connected dB{p,ei) n 7^ 0, so \\p — q\\ = ei without loss of generality. Next, without loss of generality 
£2 < We choose .T G B{p, 62/2). We consider the continuous map / given by /(t) = \\x— {tp+{l~t)q)\\. 
Then /(I) < iea and /(O) = jj 

X ^ q\\ > £1 ^ > §£2 > £2- Hence, there exists y G conv{p,q} such that 
Ijcc — y|| =£2- Thus, all pairs of points in £2/2) n f2 are polygonally connected in fi. So £2/2) n is 
convex by Claim 3, hence is locally convex. Convexity of 51 follows therefore from the theorem of Tietze 
and Nakajima [17, Th. 4.4]. □ 

As the reader may have noted the proof of Proposition 2.4 works also in real Banach spaces. So for a 
closed, connected and non-convex subset f2 of a real Banach space E with norm || • jj^; we conclude 

inf{£ > 1 1', y G ri, — j/jj^ = £ convjx, y} <Z il} > 0. 

The analogous result for strong convexity is Proposition 2.3 which we will prove below. 
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Proof of Proposition 2.3. Without loss of generality, let D, consist of more than one point, and Vl ^ X . The 
necessity of the condition is obvious, we prove its sufficiency. We first prove that f2 is convex. Let a;, y € 
such that ||x — y\\ = £i for some i G N. By Proposition 2.4 it is enough to show that conv{a;,y} C fi. We 
consider a short arc A of radius r joining x and y. Then ^ C fi, and without loss of generality, let a; + y = 0. 
Let z be the midpoint of A and consider the set 

T = {te[0,\)\i{t)cn}, 

where l{t) = {(1 — i)z + \{x — y) | A e M} HconvA. Obviously, there exist pt,qt £ A such that conv{pt, qt} = 
£{t). Choose some ej < \\x — z\\ and first let t < to := S-^f^^^ Consider the family of short arcs 

A(p of radius r joining points p,q G A such that \\p — q\\ = Sj and ^(p,g) ^ A. Hence, we see that £{t) C i7, 
that is, [0, to) ^ T. Now let t g Tn [to, 1). The family of short arcs considered previously also shows that pt 
and qt are interior points of n conv A relative to the subspace topology on conv A. Considering the family 
of short arcs of radius r joining points p' , q' S £{t) implies that £{t) \ {pt, qt} C int 51. Since £{t) is compact 
we conclude that T is open. As it is also closed by closeness of fi, we have T = [0, 1). As 51 is closed, it is 
convex. 

Finally, we prove that 51 is r-convex. Suppose there exist x,y € not possessing the arc property for 51 
and r. To contradict this assumption, we reduce the arguments to the affine plane which contains a;, y and 
a short arc of radius r joining x and y which is not contained in 51. As 51 is convex, it contains the points 
Xa ~ X + a{y — x) and ya ~ y — C({y — x) for all a £ [0, 1/2]. We consider the non-empty set 

A = {a G [0, 1/2) I {xa,ya) possesses the arc property for 51 and r}. 

A is closed by closeness of 51. Denoting /3 ~ ini A it follows /3 G A, hence (3 > 0. 
Claim: For any short arc A of radius r joining x/3 and yp., it holds A C int 51. 

First, we note that Xfi is an interior point of 51 as follows: we choose a line segment contained in convja;, y}, 
containing xp, having end points different from Xfj (this is possible since /3 > 0) and having length Si, for 
some I' e N. By hypothesis of property (A) and as 51 is convex it easily follows that Xjs G int 51. By the 
same argument g int 51. Without loss of generality, we assume 2ei < \\xp — yp\\. For p,q G D, let ^(p.,j) 
denote a short arc of radius r joining p and q. For any n G N, n > 2, let po, . . . ,p„ G A = A(^x^ y^j such 
that \\pk — Pk-2\\ = El for 2 < fc < n, po = x^, let pi be the midpoint of A(^pg p^) and \\pn — ypW < £1. If 
Pk-2 G int 51 and it U C 51 is a neighborhood of pk-2, then it follows 

{P G A(u.p,) \ uGUr\ dB{pk, ei)} C 51. 

Thus, we proved 

Pk-2 e int 51 A(pk-2.Pk) \ {Pk} ^ int 51. 

Inductively, it follows that C int 51. Interchanging the role of x/j and y/s we conclude A C int 51. 

Moreover, we conclude that L C int51 where L denotes the intersection on left hand side of (1) with a;^, y^ 
at the place of x, y. We note that the set L is compact as it is considered in a 2-dimensional plane. But the 
compactness of L contradicts our definition of /3. □ 

In the sequel we will need an easy but extremely useful remark, namely the following. 

Lemma 5.1. Let Q C X be closed and let (ri)i^jq be a sequence of positive real numbers which converges to 
r > 0. If n is ri-convex for all i G N then 51 is r-convex. 

Proposition 5.2. Let r > and 51 C X &e closed and connected. Then 51 is r-convex if and only if 

liminf Sn(e)/e^ > l/(8r). (5) 

e>0,e^-0 
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Proof. If fl is r-convcx, then (5) follows from Proposition 3.3 (iv). For the converse, if (5) holds, note that 
for any s > r and sq :— (r + s)/2 there exists eg > such that 6n{e) > e^/(8so) > s — -^/s^ — e'^/A for 
all £ £ [0, 2eo]. Indeed, the remarks at the beginning of Section 3 imply the last inequality. So ioT x E ft 
consider U := B{x,eo). Then 

6unn{e)>s-^s^-ey4. 

Thus, ?7n is s-convex by Proposition 3.3 (iv), and therefore ft is s-convex by Theorem 1.1 for any s > r. 
Hence, fl is r-convex by Lemma 5.1. □ 

Proposition 5.3. Let r > and f2 C X 6e closed and convex and assume the following. 

(D) There exists a sequence (ei)igN of positive real numbers converging to such that for allx <Efl and 
allien it holds S^Je,) >r - - ef /4. 
Then il is r-convex. 

To prove the previous statement we adopt the central idea of the proof of Theorem 2.1 in [2] to our 
weakened hypotheses. We begin with a weaker version of Proposition 5.3. 

Lemma 5.4. Let ?' > and fl ^ X be closed and convex and assume (D). Then fl is 2r-convex. 



Proof. Denote Si := r — -^/r^ — ef/A. Let e > and let i e N be sufHciently large such that 6i/ei < e 
and Ei < 2r. Let x,y E O, j|a; — y\\ = Ei. Denote a := {x + y) /2 + Si ■ v for arbitrary v G dB{0, 1) such 
that {v\x — y) = 0. By hypothesis, a G O. Without loss of generality, we reduce our arguments to the 
2-dimensional plane containing convja;, y, a} C 17, and assume x -\- y = 0. Let c denote the intersection of 
the line {Aa | A G R} with the line normal io a ~~ x through x. Then abbreviating /i := Ei/2 we have 



by Pythagorean theorem. So Sf\\c — x|p ~ ^'^ + dfji^ = jU** • (1 + Sf/ ji^). Hence, 



v/1 + {25,1 E,Y ^ VTT^ 



-n ../2 < , <2r Vl + 4£2^:5. 

4-(5i/e2 4-d,;/ef 

Hence, any short arc of radius s joining x and y is contained in fi. Thus, VL possesses property (A) of 
Proposition 2.3 with any radius s > 2r at place of r. So 57 is 2r-convex by Proposition 2.3 and Lemma 5.1 
using the limit e — > 0. □ 

Proof of Proposition 5.3. As a first step Vl is proved to be jq^^^-convex provided that J7 is i?-convex, 
R > r. Without loss of generality, let x,y G fl such that 2r > \\x — y\\ = Ei =: e for some i G N. Denote 
S := r—y/r"^ — e'^/A and a := {x + y)/2 + 5-v ioi arbitrary?; G dB{0, 1) such that {v\x — y) =0. Property (D) 
ensures a G il. Without loss of generality, we reduce our arguments to the 2-dimensional plane containing 
convja;, y, a} C 17, and assume a; + y = 0. We align the basis ei and 62 of our coordinate system in direction 
to —X and a, respectively. By hypothesis, comr{A(^^ a.)T-^{-x,a)} ^ ^ where Aj.) denotes the short arc of 
radius R joining a to a; and — x, respectively, such that the center of the corresponding sphere has second 
coordinate less than 0. So a) is a subset of dB{c',R) where c' has positive first coordinate since R> r. 
Denote by c the unique point of {Ae2|A G M} H {a; + A(x — c')|A G K}, and p := |ja; — c||. Let z = a — x. Let 
Ix and la be the lines tangent to B{c',R) passing through x and a, respectively. Choose w € X such that 
(^162) > and Ix = {a; + Aw|A G M}. For the angle between ei and z we write a, for the angle between z 
and w we write f3. Then, we note that the angle between —62 and c' — a equals a — (3. The angle between 62 
and X — c equals a + /3. By hypothesis, sin(a ± /3) 7^ 0. Applying the sine law to the triangle with vertices 
c, c' and a, we have 

R-p _ R _ R 

sm{a — P) sin(7r — (a + /?)) sin(a + /3) 

Thus, 

R- P ^ sin(a - P) , 
R ^ sin(a + /3) ' ^ 



Moreover, sin(Q; + fi) — e/ (2p) and 



■ to-,. o ■ R ^ ^R^-mm^ e \\z\\ 

Ma -P) = smaeos/3 - eos«sin/3 = — ^ ' 

Using previous identities together with (6) we get 



e \^"Y ||z||2 4 4y \^£2Y (||z||/e)2 4 2j' 

Solving previous identity for p together with \\z\\^ = 5^ + /A leads to p — R - {^ + 2D{e))~^ where 

For arbitrary -q > there exists jo € N such that for all j > jo it holds 

Die,) > - - ^. 




This follows by straightforward computation using the elementary estimate ^/r— ■y/o' < \Jt — a for < cr < t. 
Hence, p < and therefore any short arc of radius ]^_|_^y^^_^ joining x and y is contained in il if 

||x — y\\ = Sj. By Proposition 2.3 and Lemma 5.1 this implies the claim in the limit 77 — )■ 0. By Lemma 5.4, 
fl is i?o-convex where i?o — 2r. So inductively, 51 is i?„+i-convex for Rn+i = i^^Z/r ^'^'^ n & Now 
f2 is r-convex by Lemma 5.1 as lim„_^oo Rn ^ t. □ 

Next, the limit inferior in (5) will be replaced by the limit in order to verify Theorem 2.1. 

Proof of Theorem 2.1. Without loss of generality, let 57 consist of more than one point, and VI ^ X. Assume 
the nonexistence of the limit, that is, k < limsup^^g g_j.g (5o(£)/e2 for k := liminf£>o.£->o ^(e)/^^- Then 
there exists a sequence (ei)igN converging to such that 

K < hm 

It follows that there exists s > such that 6n{£i)/£i^ > > k for sufficiently large i. For any sq > s 

and sufficiently large i, we have 



x&l OS » 



So property (D) of Proposition 5.3 is fulfilled for any radius sq > s, so il is s-convex. Then k > l/(8s), 
which is a contradiction. □ 

Proof of Theorem 2.2. The equivalence of (i) and (ii) follows from Proposition 5.2. Left to prove is (iii) 
(i) since (ii) => (iii) is obvious. Let x e f2 and s > r. By hypothesis it holds 6^ ^(s) > s— \/ — /A for all 
e > sufficiently small. From Proposition 5.3 we conclude that 57 is s-convex, hence the assertion follows 
from Lemma 5.1. □ 
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